This paper deals with the sensitivity comparison of three Degree-of-Freedom planar parallel manipulators. First, a methodology is described to obtain the sensitivity coefficients of the pose of the moving platform of the manipulators to variations in their geometric parameters and actuated variables. Their sensitivity coefficients are derived and expressed algebraically for a matter of analysis simplicity. Moreover, two aggregate sensitivity indices are determined, the first one is related to the orientation of the moving platform of the manipulator and the other one to its position. Then, a methodology is proposed to compare PPMs with regard to their workspace size and sensitivity. Finally, 3-RPR, 3-RPR, 3-RRR, 3-RRR and 3-PRR PPMs are compared in order to highlight the contributions of the paper.
Introduction
During the early design process of engineering systems, the analysis of the performance sensitivity to uncertainties is an important task. High sensitivity to parameters that are inherently noisy can lead to poor, or unexpected performance. In robotics, the variations in the geometric parameters of Parallel Kinematics Machines (PKMs) can be either compensated or amplified. For that reason, it is important to analyze the sensitivity of their performance to variations in its geometric parameters. Accordingly, it turns to be very useful to develop a methodology for the comparison of the sensitivity of PKMs to uncertainties at their conceptual design stage.
Ideally, having this information at the conceptual design stage can help robot designers better choose the architecture of the manipulator under design. To this end, some indices such as the dexterity and the manipulability have been used to evaluate the sensitivity of robots performance to variations in their actuated joints [1, 2, 3, 4, 5] . However, they are not suitable for the evaluation of this sensitivity to other types of uncertainty such as variations in geometric parameters.
Two indices are proposed in [6] to evaluate the sensitivity of the end-effector pose (position + orientation) of the Orthoglide 3-axis, a three Degree-of-Freedom (DOF) translational PKM, to variations in its design parameters. In the same vein, four 3-RPR planar parallel manipulators (PPMs) are compared in [7] based on the sensitivity of their performance to variations in their geometric parameters. However, as far as the authors know, there is no work in the literature related to such a comparison of manipulators with different architectures. Therefore, this paper introduces a methodology to compare different types of PPMs based on the sensitivity of their moving platform pose to variations in their geometric parameters. Only manipulators with the same architecture were compared in [7] and [9] , whereas manipulators of different architectures are compared in this paper, namely, the 3-RPR, the 3-RRR and the 3-PRR PPMs. The architectures of the manipulators under study are first described. Then, the sensitivity coefficients of the pose of their moving platform to variations in their geometric parameters and actuated variables are derived and expressed algebraically. Moreover, two aggregate sensitivity indices are determined, one is related to the orientation of the moving platform of the manipulator and another one is related to its position. Then, a methodology is proposed to compare PPMs with regard to their workspace size and sensitivity. Finally, 3-RPR, 3-RPR, 3-RRR, 3-RRR and 3-PRR PPMs are compared as illustrative examples.
Manipulators Architecture
Here and throughout this paper, R, P, R and P denote revolute, prismatic, actuated revolute and actuated prismatic joints, respectively. Figures 1(a) -(c) illustrate the architectures of the manipulators under study, namely the 3-RPR, the 3-RRR and the the 3-PRR PPMs, respectively. They are composed of a base and a moving platform (MP) connected by means of three legs.
Points A 1 , A 2 and A 3 , (C 1 , C 2 and C 3 , respectively) lie at the corners of a triangle, point O (point P , resp.) being its circumcenter. Each leg is composed of three joints in sequence, one of them being actuated. For example, each leg of the 3-RRR PPM is composed of three revolute joints mounted in sequence, the first one being actuated.
F b and F p are the base and the moving platform frames of the manipulator. In the scope of this paper, both F b and F p are supposed to be orthogonal. F b is defined with the orthogonal dihedron ( Ox, Oy), point O is its center and Ox is parallel to segment A 1 A 2 . Likewise, F p is defined with the orthogonal dihedron ( P X, P Y ), point P is its center and P X is parallel to segment C 1 C 2 .
The MP pose, i.e., its position and its orientation, is determined by means of the Cartesian coordinates vector p = [p x , p y ]
T of operation point P expressed in F b and angle φ, that is the rotation angle between frames F b and F p .
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Sensitivity Indices
In this section, we first introduce a methodology to derive the sensitivity coefficients of the MP pose of the PPMs to variations in the actuated joints, in the leg lengths as well as in the coordinates of points A i and C i , i = 1, 2, 3, the latter being either Polar or Cartesian. In [7] and [9] , this methodology was illustrated with a 3-RPR and a 3-RRR PPMs, respectively. Here, it is illustrated with a 3-PRR PPM. From the foregoing sensitivity coefficients, we propose two aggregate sensitivity indices, one related to the position of the MP and another one related to its orientation.
Sensitivity Coefficients
We focus on the 3-PRR PPM to illustrate the methodology used to derive the sensitivity coefficients of any PPM. From the closed-loop kinematic chains
hal-00833527, version 1 -13 Jun 2013 depicted in Fig. 1(c) , the position vector p of point P can be expressed in F b as follows,
a i , b i and c i being the position vectors of points A i , B i and C i expressed in F b . Equation (??) can also be written as,
with
where a i is the distance between points O and A i , ρ i is the distance between points A i and B i , l i is the distance between points B i and C i , c i is the distance between points C i and P ,
In a manner similar to [7, 8] , upon differentiation of Eq.(??), we obtain:
with matrix E defined as
δp and δφ being the position and orientation errors of the MP. Likewise, δa i , δα i , δρ i , δl i , δc i and δβ i denote the variations in a i , α i , ρ i , l i , c i and β i , respectively. The idle variation δγ i is eliminated by dot-multiplying Eq.(??) with l i v T i , thus obtaining
Equation (??) can now be cast in vector form:
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Let us notice that A and B are the direct and the inverse Jacobian matrices of the manipulator, respectively. Assuming that A is non singular, i.e., the manipulator does not meet any Type II singularity [10, 11, 12, 13] , we obtain upon multiplication of Eq.(??) by A −1 :
and
J is the kinematic Jacobian matrix of the manipulator whereas J a , J α , J θ , J l , J c and J β are named sensitivity Jacobian matrices of the pose of the MP to variations in a i , α i , θ i , l i , c i and β i , respectively. Indeed, the terms of J a , J α , J θ , J l , J c and J β are the sensitivity coefficients of the position and the orientation of the MP of the manipulator to variations in length l i and the Polar coordinates of points A i , B i and C i . Likewise, J contains the sensitivity coefficients of the pose of the MP of the manipulator to variations in the prismatic actuated joints. It is noteworthy that all these sensitivity coefficients are expressed algebraically for a matter of simplicity analysis and compactness.
Let δa ix and δa iy (δb ix and δb iy , resp.) denote the position errors of points A i (points B i , resp.), i = 1, 2, 3, along Ox and Oy, namely, the variations in the Cartesian coordinates of points A i and B i . Likewise, let δc iX and δc iY denote the position errors of the Cartesian coordinates of points C i along P X and P Y . From Fig. 1(c) , 
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and the Cartesian coordinates of points A i , B i , and C i , respectively.
In order to better highlight the sensitivity coefficients, let us write the 3 × 6 matrices J A , J B and J C and the 3 × 3 matrices J and J l as follows,
The 3 × 2 matrices J A i , J B i and J C i and the three dimensional vectors j i and j l i are expressed as :
with 
, j iφ and j l i φ contain the sensitivity coefficients of the MP orientation to variations in the Cartesian coordinates of points A i , B i , C i , in the prismatic actuated variables ρ i and in length l i , respectively. Similarly, J A i p , J B i p , J C i p , j ip and j l i p contain the sensitivity coefficients related to the MP position. It is apparent that this methodology can be applied to any PPM to obtain their sensitivity coefficients.
Finally, the designer of such PPMs can easily identify the most influential geometric variations to their MP pose and choose the proper dimensional tolerances from their sensitivity coefficients. Two aggregate sensitivity indices related to variations in the geometric errors of the moving and the base platforms are introduced thereafter.
Two Aggregate Sensitivity Indices
This section aims at determining indices in order to compare distinct PPMs with regard to the sensitivity of the pose of their moving platform to variations in their geometric parameters. What we mean by "distinct" PPMs is that they are different in terms of architecture and size. To this end, the relation between the MP pose and the variations in the geometric parameters is given by:
The 3×n M matrix J s M is named "aggregate sensitivity Jacobian matrix" of manipulator M, and n M is the number of geometric variations that are considered. Assuming that actuated joints are not geometric parameters, n 3−RP R is equal to 12 whereas n 3−RRR and n 3−P RR are equal to 18. The n M -dimensional vector v M contains the variations in the geometric parameters. The global sensitivity Jacobian matrices of the five PPMs under study can be expressed as follows:
with δa i = δa 1x δa 1y δa 2x δa 2y δa 3x δa 3y (32a)
The 3 × n M matrices J s M is composed of two blocks, j s M φ and J s M p , i.e.,
The expressions of j s M φ and j s M p are given in Appendix 1. The sensitivity matrices of the 3-RPR PPM and the 3-RRR PPM are given in [7, 9] . From Eq. (20) and Appendix 1, we define an aggregate sensitivity index ν φ M of the MP orientation to variations in the geometric parameters:
Likewise, an aggregate sensitivity index ν p M of the MP position to variations in its geometric parameters is defined as:
. 2 denotes the Euclidean norm. The lower ν φ M , the lower the aggregate sensitivity of the orientation of the MP of the manipulators to variations in its geometric parameters. Similarly, the lower ν p M , the lower the aggregate sensitivity of the position of the MP to variations in the geometric parameters. As a matter of fact, ν φ M (ν p M , resp.) characterizes the intrinsic sensitivity of the orientation (position, resp.) of the MP to any variation in the geometric parameters.
Let us notice that ν p M as well as the sensitivity coefficients related to the MP position defined in this Section and Section 3.1 are frame dependent, whereas ν φ M and the sensitivity coefficients related to the MP orientation are not. 
Comparison Methodology
In this section, we define a methodology to compare PPMs with regard to their workspace size and sensitivity. This methodology is broken down into six steps:
1. normalization of the geometric parameters; 2. determination of the manipulator workspace (WS) and the regular workspace (RW); 
Geometric Parameters Normalization
Let R 1 and R 2 be the radii of the base and moving platforms of the PPM. In order to come up with finite values, R 1 and R 2 are normalized as in [14, 15, 16] . For that matter, let N f be a normalizing factor:
Therefore,
From eq.(??), we can notice that:
Moreover, the circumcircle radii of the base and moving platforms, i.e., r 1 and r 2 , are similar for the manipulators under study. All PPMs are symmetrical, i.e., the base and moving platforms are equilateral. Consequently, we defined ratio r 1 /r 2 and the other geometric parameters as follows :
As the former two-dimensional infinite space corresponding to geometric parameters R 1 and 
l is obtained in such a way that l 1i and l 2i , i = 1, 2, 3, are identical and to have the same workspace size for the 3-RRR and the 3-RRR PPMs [17] . Moreover, we can determine an isotropic configuration for each 3-RRR. In an isotropic configuration, the sensitivity of a manipulator in both velocity and force or torque errors is a minimum, and the manipulator can be controlled equally well in all directions. The concept of kinematic isotropy has been used as a criterion in the design of planar manipulators [18] . The actuated joints limits are:
For the 3-PRR PPM,
With the geometric parameters normalization the PPMs under study have an equivalent size.
Finally, each PPM has an isotropic configuration. The sensitivity analysis is conducted in the vicinity of the isotropic configuration. We define an isotropic pose for every PPM, the position is the same, i.e., p = [0, 0] but the orientation is different. The orientation φ isoM corresponding to an isotropic configuration of manipulator M is given below:
Regular Workspace
Assessing the kinetostatic performance of parallel manipulators is not an easy task for 6-DOF parallel manipulators [19] . However, it is easier for planar manipulators as their singularities have a simple geometric interpretation [20, 21] . The RW of a manipulator is a regular-shaped part of its workspace with good and homogeneous kinetostatic performance. The shape of the RW is up to the designer. It may be a cube, a parallelepiped, a cylinder or another regular shape. A reasonable choice is a shape that fits well the one of the singular surfaces. It appears that a cylinder suits well for planar manipulators.
In the scope of this study, let the RW of the PPM be a cylinder of φ-axis with a good kinetostatic performance, i.e., the orientation range ∆φ is defined around φ isoM and the sign of the determinant of the kinematic Jacobian matrix of the manipulator, i.e., sign(det(J)), remains constant. Accordingly, the RW of the PPMs are obtained by solving the following optimization problem:
R is the radius of the cylinder and ∆φ the orientation range of the MP of the manipulator within its RW. Here, ∆φ is set to π/6 arbitrarily. This optimization problem has five decision variables, namely, x = R I x I y φ min φ max . I x and I y are the Cartesian coordinates of the center of the cylinder. φ min and φ max are the lower and upper bounds of ∆φ and are defined as follows:
The global minimum, i.e., the optimum RW of the manipulator, of problem (21) is obtained by means of a Tabu search Hooke and Jeeves algorithm [22] . Finally, ν φ M and ν p M are used to evaluate the global orientation and positioning errors of the manipulator throughout the RW of the PPMs under study. Then, their sensitivity are compared.
Sensitivity Analysis
In this section, the sensitivity of 3-RPR, In order to have an idea of the aggregate sensitivity of the MP pose of the manipulator to variations in its geometric parameters, Figs. 3(a) to 7(b) illustrate the isocontours of ν φ M and ν p M , for a given orientation range ∆φ centered at φ isoM of the MP throughout the WS of the 3-RPR, 3-RPR, 3-RRR, 3-RRR and 3-PRR PPMs, respectively. We can notice that the closer P to the geometric center of WS, the larger the aggregate sensitivity of the MP pose to variations in the geometric parameters. It is apparent that the orientation and the position of the MP of the 3-RPR is the most sensitive to variations in geometric parameters.
It appears that the two aggregate sensitivity indices can be used as amplification factors of any geometric parameter error of the PPMs. Table ? ? and compared. We can notice that the Table ? ? gives the sensitivity results of 3-RPR, 3-RPR, 3-RRR, 3-RRR and 3-PRR PPMs with regard to their average and maximum sensitivity of the orientation and the position of their MP to variations in their geometric parameters, throughout RW min . The results are quite similar and good, because the sensitivity analysis is evaluated in their workspace center (RW min ) and around their isotropic orientation (φ isoM ). In addition, the two aggregate sensitivity indices can be considered as mean amplification factors of any geometric parameter error of the PPMs. Hence, with these results, there is no error amplification. However, these results are illustrated
in Fig. 8 and we can notice that the 3-RPR manipulator is globally the least interesting, i.e., it has the least robust design. Finally, the position of point P on the moving platform affects the shape of the sensitivity isocontours and the global sensitivity indices ν φ and ν p , but does not change the results of the previous comparison. parameters and actuated variables. Their sensitivity coefficients were derived and expressed algebraically. Moreover, two aggregate sensitivity indices were determined for each manipulator under study, one related to the orientation of the moving platforms of the manipulator and another one related to their position. Then, a methodology was proposed to compare planar parallel manipulators with regard to their workspace size and sensitivity. Finally, the sensitivity of five planar parallel manipulators, 3-RPR, 3-RPR, 3-RRR, 3-RRR and 3-PRR were compared as illustrative examples. The sensitivity indices ν φ M and ν p M introduced in the paper should help the designer of planar parallel manipulators at the conceptual design stage. Joint clearances and flexibilities also affect the positioning accuracy. The sensitivity to joint clearances and flexibilities in the revolute joints can be taken into account in the definition of the variations in the positions of the revolute joint centers. Prismatic joint clearances and link flexibilities will be studied in future work, considering also spatial manipulators.
